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ON SOME EQUIVALENT DEFINITIONS OF ρ- CARLESON
MEASURES ON THE UNIT BALL
BENOIT F. SEHBA
Abstract. We give in this paper some equivalent definitions of the so called
ρ-Carleson measures when ρ(t) = (log(4/t))p(log log(e4/t))q , 0 ≤ p, q < ∞.
As applications, we characterize the pointwise multipliers on LMOA(Sn) and
from this space to BMOA(Sn). Boundedness of the Cesa`ro type integral
operators on LMOA(Sn) and from LMOA(Sn) to BMOA(Sn) is considered
as well. This is Chapter 2 of [8] and some of results were already published in
[3] and [7].
1. Holomorphic function spaces and Carleson measures in the unit
ball
1.1. Some holomorphic function spaces in the unit ball of Cn. We define
here various holomorphic function spaces involved in this paper. We refer to the
book [13] for the proof of different assertions stated below.
Recall that for α > −1 the weighted Lebesgue measure dVα is defined by
(1.1) dVα(z) = cα(1− |z|
2)αdV (z),
where
(1.2) cα =
Γ(n+ α+ 1)
n!Γ(α+ 1)
is a normalizing constant so that Vα(B
n) = 1.
DEFINITION 1.1. For α > −1 and 0 < p < ∞, the weighted Bergman space
Apα(B
n) consists of holomorphic functions f in Lp(Bn, dVα), that is
(1.3) Apα(B
n) = Lp(Bn, dVα)
⋂
H(Bn).
We use the notation
(1.4) ||f ||pp,α :=
∫
Bn
|f(z)|pdVα(z)
for f ∈ Lp(Bn, dVα).
DEFINITION 1.2. For 0 < p < ∞ the Hardy space Hp(Bn) is the space of all
f ∈ H(Bn) such that
(1.5) ||f ||pp := sup
0<r<1
∫
Sn
|f(rξ)|pdσ(ξ) <∞.
The space of all bounded holomorphic functions in Bn will be denoted H∞(Bn).
For any ξ ∈ Sn and δ > 0, let
Bδ(ξ) = {w ∈ S
n : |1− 〈w, ξ〉| < δ},
1
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and
Qδ(ξ) = {z ∈ B
n : |1− 〈z, ξ〉| < δ}.
These are the higher dimension analogues of Carleson regions. For f ∈ H1(Bn), we
still denote f(ξ), for ξ ∈ Sn, the admissible limit at the boundary, which exists a.e.
DEFINITION 1.3. The space of functions of bounded mean oscillation BMOA is
the space of all f ∈ H1(Bn) for which there exists a constant C > 0 so that
sup
B=Bδ(ξ),
δ∈]0,1[,ξ∈Sn
1
σ(B)
∫
B
|f − fB|dσ ≤ C.
Here and anywhere else, fB denotes the mean-value of f on B.
The space BMOA is Banach space when equipped with the norm
||f ||2BMOA = |f(0)|+ sup
B=Bδ(ξ),
δ∈]0,1[,ξ∈Sn
1
σ(B)
∫
B
|f − fB|dσ.
We now define the space of functions of logarithmic mean oscillation LMOA.
DEFINITION 1.4. An analytic function f belongs to LMOA if f ∈ H1(Bn) and
there exists a constant C > 0 so that
sup
B=Bδ(ξ),
δ∈]0,1[,ξ∈Sn
log 4δ
σ(B)
∫
B
|f − fB|dσ ≤ C.
The space LMOA is Banach space when equipped with the norm
||f ||2LMOA = |f(0)|+ sup
B=Bδ(ξ),
δ∈]0,1[,ξ∈Sn
log 4δ
σ(B)
∫
B
|f − fB|dσ.
DEFINITION 1.5. The Bloch space B consists of all f ∈ H(Bn) such that
(1.6) ||f ||B = |f(0)|+ sup
z∈Bn
|Rf(z)|(1− |z|2) <∞.
We also recall the following definition of the logarithmic (weighted) Bloch space
LB.
DEFINITION 1.6. An analytic function f belongs to LB if
(1.7) sup
z∈Bn
|Rf(z)|(1− |z|2) log
4
1− |z|2
<∞.
The natural norm on LB(Bn) is given by
(1.8) ||f ||LB = |f(0)|+ sup
z∈Bn
|Rf(z)|(1− |z|2) log
4
1− |z|2
<∞.
Both B and LB are also Banach when equipped with the norms ||||B and ||||LB
respectively. Moreover, BMOA continuously embeds in B and LMOA embeds
continuously in LB.
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1.2. Carleson measures on the unit ball of Cn. We recall here the definition of
Carleson measures and their equivalent in the unit ball. We also introduce Carleson
measures with weight.
DEFINITION 1.7. Let µ denote a positive Borel measure on Bn. Then for 0 <
s < ∞, the measure µ is called a s-Carleson measure, if there is a finite constant
C > 0 such that for any ξ ∈ Sn and any 0 < δ < 1,
(1.9) µ(Qδ(ξ)) ≤ C(σ(Bδ(ξ)))
s.
When s = 1, µ is just called Carleson measure. The infinimum of all these
constants C will be denoted ||µ||s. We will also use ||µ|| to denote ||µ||1. The
following theorem is the higher dimension version of the theorem of L.Carleson [4]
and its reproducing kernel formulation.
THEOREM 1.8. For a positive Borel measure µ on Bn, and 0 < p < ∞, the
following are equivalent
i) The measure µ is a Carleson measure
ii) There is a constant C1 > 0 such that, for all f ∈ H
p(Bn),∫
Bn
|f(z)|pdµ(z) ≤ C1||f ||
p
p.
iii) There is a constant C2 > 0 such that, for all a ∈ B
n,∫
Bn
(1− |a|2)n
|1− 〈a, w〉|2n
dµ(w) < C2.
We say two positive constant K1 and K2 are comparable, denoted by K1 ≈ K2,
if there is a absolute positive constant M such that
M−1 ≤
K1
K2
≤M.
We note that the constants C1, C2 in Theorem 1.8 are both comparable to ||µ||.
The proof of this theorem can be found in [13]. We also have the following theorem
in [13] and [12].
THEOREM 1.9. For a positive Borel measure µ on Bn, s > 1 and 0 < p <∞, the
following are equivalent
i) The measure µ is a s-Carleson measure
ii) There is a constant K1 > 0 such that, for all f ∈ A
P
ns−(n+1),∫
Bn
|f(z)|pdµ(z) ≤ K1||f ||
p
p,ns−(n+1).
iii) There is a constant K2 > 0 such that, for all a ∈ B
n,∫
Bn
(1− |a|2)ns
|1− 〈a, w〉|2ns
dµ(w) < K2.
Here both K1 and K2 are comparable to ||µ||s.
We consider here generalized Carleson type measures with additional logarithmic
terms.
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DEFINITION 1.10. Let µ be a positive Borel measure on Bn and 0 < s <∞. For
ρ a positive function defined on (0, 1), we say µ is a (ρ, s)- Carleson measure if
there is a constant C > 0 such that for any ξ ∈ Sn and 0 < δ < 1,
(1.10) µ(Qδ(ξ)) ≤ C
(σ(Bδ(ξ)))
s
ρ(δ)
.
When s = 1, µ is called a ρ-Carleson measure. We are interested in the particular
case ρ(t) = ρp,q(t) = (log(4/t))
p(log log(e4/t))q with 0 ≤ p, q <∞. We remark that
the case ρ(t) = (log(4/t))p has been studied in [11]. The corresponding measures
in the latter are called p-logarithmic s-Carleson measures and when s = 1 we just
called them p-logarithmic Carleson measures and when p = 2 and s = 1 we call
them logarithmic Carleson measures, using the vocabulary of [11].
2. The case of ρp,q- Carleson measures
2.1. Some useful results. We give in this subsection some useful results for the
the proof of Theorem 2.9 and Theorem 3.1.
LEMMA 2.1. Let 1 < N <∞ and 0 < α <∞. The following assertions hold.
i) For any 0 ≤ p < ∞, there exists a positive constant C1 not depending on
N so that
IN,α,p =
∫ N
1
e−αtdt
(N − t+ 2)p
≤
C1
(N + 2)p
.
ii) If ǫ1 and ǫ2 are real so that log(2 + ǫ1) + ǫ2 > 1, then for any 0 ≤ p <∞,
there exists a positive constant C2 not depending on N so that
JN,α,p =
∫ N
1
e−αtdt
(log(N − t+ 2 + ǫ1) + ǫ2)p
≤
C2
(log(N + 2 + ǫ1) + ǫ2)p
.
Proof: i). A simple change of variables gives the following equalities
IN,α,p =
∫ N+1
2
e−α(N+2−x)dx
xp
= e−α(N+2)
∫ N+1
2
x−peαxdx.
Thus i) can be written as
(2.11)
∫ N+1
2
x−peαxdx ≤ C1(N + 2)
−peα(N+2).
Let f(x) = x−peαx. Then f ′(x) = x−p−1eαx(αx − p) > 0 if x > pα . Since f(x) is
obviously continuous on [2,∞) and increasing as x > pα , there is a positive constant
K such that for any x ∈ [2, N + 1],
f(x) ≤ Kf(N + 1) = K(N + 1)−peα(N+1).
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Integrating by parts gives∫ N+1
2
x−peαxdx =
1
α
x−peαx
∣∣∣∣
N+1
2
+
p
α
∫ N+1
2
x−p−1eαxdx
≤
K
α
(N + 1)−peα(N+1) +
Kp
α
(N + 1)−p−1eα(N+1)
∫ N+1
2
dx
≤
K(1 + p)
α
(N + 1)−peα(N+1)
≤
K ′(1 + p)
α
(N + 2)−peα(N+2),
whereK ′ is another positive constant, independent of N . Thus (2.11) is true, hence
(i) is true.
ii). The proof is similar to the proof of i). Let x = N + 2 + ǫ1 − t. Then
t = N + 2+ ǫ1 − x, and dt = −dx. Thus
JN,α,p =
∫ N+1+ǫ1
2+ǫ1
e−α(N+2+ǫ1−x)dx
(ǫ2 + log x)p
= e−α(N+2+ǫ1)
∫ N+1+ǫ1
2+ǫ1
(ǫ2 + log x)
−peαxdx.
Thus ii) can be written as
(2.12)
∫ N+1+ǫ1
2+ǫ1
(ǫ2 + log x)
−peαxdx ≤ C2[ǫ2 + log(N + 2 + ǫ1)]
−peα(N+2+ǫ1).
Let g(x) = (ǫ2 + log x)
−peαx. Then
g′(x) = (ǫ2 + log x)
−p−1eαx
[
α(ǫ2 + log x)−
p
x
]
.
Since
lim
x→∞
[
α(ǫ2 + log x)−
p
x
]
=∞,
we know that there exists a positive constant M such that g′(x) > 0 for all x > M .
Thus g is continuous on [2 + ǫ1,∞) and increasing whenever x > M . Therefore
there is a positive constant K1 such that for any x ∈ [2 + ǫ1, N + 1 + ǫ1],
g(x) ≤ K1g(N + 1 + ǫ1) = K1[ǫ2 + log(N + 1 + ǫ1)]
−peα(N+1+ǫ1).
Integrating by parts gives∫ N+1+ǫ1
2+ǫ1
(ǫ2 + log x)
−peαxdx =
1
α
(ǫ2 + log x)
−peαx
∣∣∣∣
N+1+ǫ1
2+ǫ1
+
p
α
∫ N+1+ǫ1
2+ǫ1
(ǫ2 + log x)
−p−1eαxx−1dx
≤
K1
α
[ǫ2 + log(N + 1 + ǫ1)]
−peα(N+1+ǫ1)
+
K1p
α
[ǫ2 + log(N + 1 + ǫ1)]
−p−1eα(N+1+ǫ1)
∫ N+1+ǫ1
2+ǫ1
x−1dx
≤
K1(1 + p)
α
[ǫ2 + log(N + 1 + ǫ1)]
−peα(N+1+ǫ1)
≤
K2(1 + p)
α
[ǫ2 + log(N + 2 + ǫ1)]
−peα(N+2+ǫ1),
whereK2 is another positive constant, independent of N . Thus (2.12) is true, hence
ii) is true. The proof is complete.

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Let set
Ka(z) =
(1− |a|2)n
|1− 〈a, z〉|2n
.
We have the following two theorems characterizing (ρp,q, s)-Carleson measures in
the unit ball.
THEOREM 2.2. Let 0 ≤ p, q <∞ and 0 < s <∞. Let µ be a positive Borel mea-
sure on Bn. Then, µ is a (ρp,q, s)-Carleson measure with ρp,q(t) = (log(4/t))
p(log log(e4/t))q,
if and only if
(2.13) sup
a∈Bn
(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Bn
Ksa(z)dµ(z) ≤ C <∞.
Proof:The ideas of the proof are the same as in the proof of Theorem 2 of [11]. We
first suppose that µ is a (ρp,q, s)-Carleson measure and prove (2.13). For |a| ≤
3
4 ,
(2.13) is obvious since the measure is necessarily finite. Let 34 < |a| < 1 and choose
ξ = a/|a|. For any nonnegative integer k, let rk = 2
k−1(1 − |a|), k = 1, 2, · · · , N
and N is the smallest integer such that 2N−2(1 − |a|) ≥ 1. Thus
(2.14) log2
4
1− |a|
≤ N ≤ 1 + log2
4
1− |a|
.
Let E1 = Qr1 and Ek = Qrk(ξ) −Qrk−1(ξ), k ≥ 2. We have
µ(Ek) ≤ µ(Qrk(ξ)) ≤
C2(k−1)ns(1− |a|)ns
(log 4
2k−1(1−|a|)
)p(log log e
4
2k−1(1−|a|)
)q
.
Moreover, if k ≥ 2 and z ∈ Ek, then
|1− 〈a, z〉| = |1− |a|+ |a|(1− 〈ξ, z〉)|
≥ −(1− |a|) + |a||1− 〈ξ, z〉|
≥
3
4
2k−1(1− |a|)− (1− |a|)
≥ 2k−2(1− |a|).
We also have for z ∈ E1,
|1− 〈z, a〉| ≥ 1− |a| >
1
2
(1− |a|).
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Using the above estimates, Ho¨lder’s inequality, the equivalence (2.14) and Lemma
2.1, we obtain∫
Bn
Ksa(z)dµ(z) ≤
C
(1− |a|)ns
N∑
k=1
1
22nks
rnsk
(log 4rk )
p(log log e
4
rk
)q
≤ C
N∑
k=1
1
2kns
1
(log 4
2k−1(1−|a|)
)p(log log e
4
2k−1(1−|a|)
)q
≤ C
N∑
k=1
1
2ks
1
(log 4
2k−1(1−|a|)
)p(log log e
4
2k−1(1−|a|)
)q
≤ C
∫ N
1
1
2ts
1
(log 42t−1(1−|a|))
p(log log e
4
2t−1(1−|a|))
q
dt
≤ C
(∫ N
1
1
2ts
1
(log 42t−1(1−|a|) )
p+q
dt
) p
p+q
(∫ N
1
1
2ts
1
(log log e
4
2t−1(1−|a|))
p+q
dt
) q
p+q
≤
C
(log 41−|a|)
p(log log e
4
1−|a| )
q
.
This prove that (2.13) holds.
Now, suppose that (2.13) holds. For any ξ ∈ Sn and 0 < δ < 1, let a = (1− δ)ξ.
Then 1 − |a| = δ and for z ∈ Qδ(ξ), we have Ka(z) ≥
C
σ(Bδ(ξ))
. Thus, we obtain
easily that
∞ > C ≥ C(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Bn
Ksa(z)dµ(z)
≥ C(log
4
δ
)p(log log
e4
δ
)q
∫
Qδ(ξ)
Ksa(z)dµ(z)
≥ C
(log 4δ )
p(log log e
4
δ )
q
(σ(Bδ(ξ)))s
µ(Qδ(ξ)).
We conclude that µ is a (ρp,q, s)-Carleson measure. The proof is complete. 
The following is well-known (see also Lemma 2.4 below).
LEMMA 2.3. The following assertions are satisfied.
i) There exists a contant C > 0 such that for any f ∈ BMOA,
|f(z)| ≤ C log(
4
1− |z|
)||f ||BMOA, z ∈ B
n.
ii) Given a ∈ Bn, the function fa(z) = log(
4
1−〈z,a〉 ) is uniformly in BMOA.
LEMMA 2.4. The following assertions are satisfied.
i) There exists a contant C > 0 such that for any f ∈ LMOA,
|f(z)| ≤ C log log(
e4
1− |z|
)||f ||LMOA, z ∈ B
n.
ii) Given a ∈ Bn, the function fa(z) = log log(
e4
1−〈z,a〉) is uniformly in LMOA.
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Proof:It is not hard to see that LMOA is a subspace of LB with ||f ||LB ≤
C||f ||LMOA. Thus, we only need to show that i) holds for any f ∈ LB.
For any analytic function f in Bn, one easily have that
f(z)− f(0) =
∫ 1
0
Rf(tz)
t
dt
for all z ∈ Bn. It follows that there exists a contant C > 0 such that for any f ∈ LB
and any z ∈ Bn,
|f(z)− f(0)| = |
∫ 1
0
Rf(tz)
t
dt|
≤ C||f ||LB
∫ 1
0
|z|
(1− |z|t) log( e
4
1−|z|t )
dt
= C||f ||LB(log log(
e4
1− |z|
)− log 4).
This prove the pointwise estimate for all f ∈ LMOA.
Let us now prove that the function fa(z) = log log(
e4
1−〈z,a〉) is uniformly in
LMOA or equivalently, by the characterization of [10] that the measure dµa(z) =
|∇fa(z)|
2(1 − |z|2)dV (z) is a logarithmic-Carleson measure (that is a ρ-Carleson
measure with ρ(t) = log2(4/t)) with uniform bound. For any ξ ∈ Sn and 0 < δ < 1,
we set
I =
∫
|1−〈z,ξ〉|<δ
1− |z|2
|1− 〈a, z〉|2| log( e
4
1−〈z,a〉)|
2
dV (z).
We have to show that I ≤ C σ(Bδ(ξ))
(log 4
δ
)2
, where the constant C > 0 does not depend
on the given a ∈ Bn.
If |1−〈a, ξ〉| ≥ 2δ then, for any z ∈ Bn such that |1−〈z, ξ〉| < δ, |1−〈a, z〉| ≥ δ.
Thus,
I ≤ δ−2(log
e4
δ
)−2
∫
|1−〈z,ξ〉|<δ
(1− |z|2)dV (z) .
σ(Bδ(ξ))
(log e
4
δ )
2
.
If |1− 〈a, ξ〉| ≤ 2δ, we obtain
I .
∫
|1−〈a,z〉|<3δ
(1− |z|2)
|1− 〈z, a〉|2 log2 e
4
|1−〈z,a〉|
dV (z)
.
∞∑
j=0
∫
2−j−1.3δ≤|1−〈z,a〉|≤2−j.3δ
(1 − |z|2)
|1− 〈z, a〉|2 log2 e
4
|1−〈z,a〉|
dV (z)
.
∞∑
j=0
22(j+1)δ−2(log 2j
e4
δ
)−2
∫
|1−〈z,a〉|≤2−j.3δ
(1 − |z|2)dV (z)
.
δn
(log e
4
δ )
2
∞∑
j=0
22(j+1).2−j(n+2) .
σ(Bδ(ξ))
(log 4δ )
2
.
The proof is complete. 
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2.2. ρp,q- Carleson measures. In this subsection, we give and prove several equiv-
alent definitions of ρp,q- Carleson measures. We first establish a useful lemma. Let
ϕz be the involutive automorphism of B
n such that ϕz(0) = z and ϕz(z) = 0, we
remark that for any a, b, and z ∈ Bn,
Ka(z) ·Kb(ϕa(z)) = Kϕa(b)(z)
and
Ka(ϕa(z)) ·Ka(z) = 1.
LEMMA 2.5. Let 0 < s <∞ and let µ be a positive Borel measure on Bn. Let
dµa(z) =
dµ(ϕa(z))
Ksa(z)
.
Then
sup
a∈Bn
||µa||s ≈ ||µ||s.
Proof:Using the previous remark, we obtain that∫
Bn
Ksb (z)
dµ(ϕa(z))
Ksa(z)
=
∫
Bn
Ksb (ϕa(w))
dµ(w)
Ksa(ϕa(w))
=
∫
Bn
Ksa(w)K
s
b (ϕa(w))dµ(w)
=
∫
Bn
Ksϕa(b)(w)dµ(w).
The conclusion follows by taking the supremum over b ∈ Bn and applying Theorem
2.2. 
Let us now recall the following equivalence for the norm of elements of BMOA
space:
||f ||BMOA ≈ sup
a∈Bn
||f ◦ ϕa − f(a)||p
for any 0 < p <∞ (see [13]).
LEMMA 2.6. Let 0 ≤ p, q <∞ and let µ be a positive Borel measure on Bn. Then
the following conditions are equivalent.
i) There exists a positive constant C1 such that for any 0 < δ < 1 and any
ξ ∈ Sn
µ(Qδ(ξ)) ≤ C1
σ(Bδ(ξ))
(log 4δ )
p(log log e
4
δ )
q
.
ii) There exists a positive constant C2 such that
sup
a∈Bn
(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Bn
Ka(z)dµ(z) ≤ C2 <∞.
iii) There exists a positive constant C3 such that for any f ∈ BMOA,
sup
a∈Bn
(log log
e4
1− |a|
)q
∫
Bn
|f(z)|pKa(z)dµ(z) ≤ C3||f ||
p
BMOA.
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iv) There exists a constant C4 > 0 such that for any f ∈ BMOA and any
g ∈ LMOA,
sup
a∈Bn
∫
Bn
|f(z)|p|g(z)|qKa(z)dµ(z) ≤ C4||f ||
p
BMOA||g||
q
LMOA.
Proof:The equivalence i) ⇔ ii) follows from Theorem 2.2. We show that ii) ⇒
iii)⇒ iv)⇒ i).
ii)⇒ iii): We first remark that ii) implies that µ is a Carleson measure and so
is dµ(ϕa(z))Ka(z) for any fixed a ∈ B
n by Lemma 2.5.
Now, for any f ∈ BMOA, using Ho¨lder’s inequality we obtain∫
Bn
|f(z)− f(a)|pKa(z)dµ(z) ≤ (
∫
Bn
|f(z)− f(a)|p+qKa(z)dµ(z))
p
p+q (
∫
Bn
Ka(z)dµ(z))
q
p+q
≈ (
∫
Bn
|foϕa(z)− f(a)|
p+q dµ(ϕa(z))
Ka(z)
)
p
p+q (
∫
Bn
Ka(z)dµ(z))
q
p+q
≤ C||µ||p/(p+q)||foϕa − f(a)||
p
p+q(
∫
Bn
Ka(z)dµ(z))
q
p+q
≤ C||µ||p/(p+q)||f ||pBMOA(
∫
Bn
Ka(z)dµ(z))
q
p+q .
It follows that
I1 ≤ C||µ||
p/(p+q)||f ||pBMOA
(
(log log
e4
1− |a|
)p+q
∫
Bn
Ka(z)dµ(z)
) q
p+q
,
where
I1 = (log log
e4
1− |a|
)q
∫
Bn
|f(z)− f(a)|pKa(z)dµ(z).
It is also clear that ii) implies that µ is a ρ-Carleson measure with
ρ(t) = (log log
e4
t
)p+q, t ∈ (0, 1),
which is equivalent to saying there exists a constant C > 0 so that
(log log
e4
1− |a|
)p+q
∫
Bn
Ka(z)dµ(z) ≤ C <∞.
We conclude that
(2.15) I1 = (log log
e4
1− |a|2
)q
∫
Bn
|f(z)− f(a)|pKa(z)dµ(z) ≤ C||f ||
p
BMOA.
Since f ∈ BMOA, we already know that there exists C > 0 so that
|f(a)| ≤ C log
4
1− |a|
||f ||BMOA.
Thus, setting
I2 = (log log
e4
1− |a|
)q
∫
Bn
|f(a)|pKa(z)dµ(z),
we obtain
I2 ≤ C(log
4
1− |a|
)p(log log
e4
1− |a|
)q||f ||pBMOA
∫
Bn
Ka(z)dµ(z).
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We conclude using Theorem 2.2 that
(2.16) I2 = (log log
e4
1− |a|
)q
∫
Bn
|f(a)|pKa(z)dµ(z) ≤ C||f ||
p
BMOA,
where C is a constant independent of a. Finally, we obtain combining (2.15) and
(2.16) that for any a ∈ Bn,
(log log
e4
1− |a|
)q
∫
Bn
|f(z)|pKa(z)dµ(z) ≤ 2
p(I1 + I2)
≤ C2||f ||
p
BMOA.
iii) ⇒ iv): For any f ∈ BMOA, let dµf (z) =
|f(z)|p
||f ||p
BMOA
dµ(z). We would like
to show that iii) implies that there exists a positive constant C4 such that for any
f ∈ BMOA and any g ∈ LMOA,
sup
a∈Bn
∫
Bn
|g(z)|qKa(z)dµf (z) ≤ C4||g||
q
LMOA.
We remark that iii) implies in particular that for any f ∈ BMOA, the measure
dµf is a Carleson measure with ||µf || ≈ ||µ||. It follows easily as before that
(2.17)
∫
Bn
|g(z)− g(a)|qKa(z)dµf (z) ≤ C||µ|| × ||g||
q
BMOA ≤ C||µ|| × ||g||
q
LMOA.
Now, using the pointwise estimate for g ∈ LMOA, we obtain∫
Bn
|g(a)|qKa(z)dµf (z) ≤ C||g||
q
LMOA(log log
e4
1− |a|
)q
∫
Bn
Ka(z)dµf (z).
It follows using iii) that there exists C > 0 so that
(2.18)
∫
Bn
|g(a)|qKa(z)dµf (z) ≤ C||g||
q
LMOA.
Finally, using inequalities (2.17) and (2.18), we conclude that for any a ∈ Bn,∫
Bn
|f(z)|p|g(z)|qKa(z)dµ(z) ≤ 2
q
∫
Bn
|f(z)|p(|g(z)− g(a)|q + |g(a)|q)Ka(z)dµ(z)
≤ C2||f ||
p
BMOA||g(z)||
q
LMOA,
which is iv).
iv)⇒ i): For any 0 < δ < 1 and ξ ∈ Sn, let a = (1 − δ)ξ. From iv), we have in
particular that there exists C > 0 so that for any f ∈ BMOA and any g ∈ LMOA,∫
Qδ(ξ)
|f(z)|p|g(z)|qKa(z)dµ(z) ≤ C||f ||
p
BMOA||g(z)||
q
LMOA.
We test the above inequality with f(z) = fa(z) = log
4
1−〈a,z〉 and g(z) = ga(z) =
log log e
4
1−〈a,z〉 which are uniformly in BMOA and LMOA respectively. Remarking
that for z ∈ Qδ(ξ), Ka(z) ≥
C
σ(Bδ(ξ))
, log 4δ ≤ |fa(z)| and log log
e4
δ ≤ |ga(z)|, we
obtain
C
σ(Bδ(ξ))
(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Qδ(ξ)
dµ(z) ≤
∫
Qδ(ξ)
|fa(z)|
p|ga(z)|
qKa(z)dµ(z)
≤ C′ <∞.
12 BENOIT F. SEHBA
That is
µ(Qδ(ξ)) ≤ C
σ(Bδ(ξ))
(log 4δ )
p(log log e
4
δ )
q
.
The proof is complete. 
Taking q = 0 in the above lemma, we obtain the following corollary (see also
[11]).
COROLLARY 2.7. Let 0 ≤ p < ∞ and let µ be a positive Borel measure on Bn.
Then the following conditions are equivalent.
i) There exists a positive constant C1 such that for any 0 < δ < 1 and any
ξ ∈ Sn
µ(Qδ(ξ)) ≤ C1
σ(Bδ(ξ))
(log 4δ )
p
.
ii) There exists a positive constant C2 such that for any f ∈ BMOA,
sup
a∈Bn
∫
Bn
|f(z)|pKa(z)dµ(z) ≤ C2||f ||
p
BMOA.
LEMMA 2.8. Let 0 ≤ p, q <∞ and let µ be a positive Borel measure on Bn. Then
the following conditions are equivalent.
i) There exists a positive constant C1 such that for any 0 < δ < 1 and any
ξ ∈ Sn,
µ(Qδ(ξ)) ≤ C1
σ(Bδ(ξ))
(log 4δ )
p(log log e
4
δ )
q
.
ii) There exists a positive constant C2 such that for any g ∈ LMOA,
sup
a∈Bn
(log
4
1− |a|
)p
∫
Bn
|g(z)|qKa(z)dµ(z) ≤ C2||g||
q
LMOA.
Proof:By Lemma 2.6, the assertion i) is equivalent to saying there exists a constant
C > 0 such that for any f ∈ BMOA and any g ∈ LMOA,
sup
a∈Bn
∫
Bn
|f(z)|p|g(z)|qKa(z)dµ(z) ≤ C||f ||
p
BMOA||g(z)||
q
LMOA.
It follows from Corollary 2.7 that the latter is equivalent to saying that there exists
a positive constant C such that
sup
a∈Bn
(log
4
1− |a|
)p
∫
Bn
Ka(z)dµg(z) ≤ C <∞,
where dµg(z) =
|g(z)|q
||g(z)||q
LMOA
dµ(z). This proves ii). The proof is complete. 
THEOREM 2.9. Let 0 ≤ p, q < ∞ and let µ be a positive Borel measure on Bn.
Then the following conditions are equivalent.
i) There is C1 > 0 such that for any ξ ∈ S
n and 0 < δ < 1,
µ(Qδ(ξ)) ≤ C1
σ(Bδ(ξ))
(log 4δ )
p(log log e
4
δ )
q
.
ii) There is C2 > 0 such that
sup
a∈Bn
(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Bn
Ka(z)dµ(z) ≤ C2 <∞.
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iii) There is C3 > 0 such that for any f ∈ BMOA,
sup
a∈Bn
(log log
e4
1− |a|
)q
∫
Bn
|f(z)|pKa(z)dµ(z) ≤ C3||f ||
p
BMOA.
iv) There is C4 > 0 such that for any g ∈ LMOA,
sup
a∈Bn
(log
4
1− |a|
)p
∫
Bn
|g(z)|qKa(z)dµ(z) ≤ C4||g||
q
LMOA.
v) There is C5 > 0 such that for any f ∈ BMOA and any g ∈ LMOA,
sup
a∈Bn
∫
Bn
|f(z)|p|g(z)|qKa(z)dµ(z) ≤ C5||f ||
p
BMOA||g||
q
LMOA.
vi) For 0 < r < ∞, there is C6 > 0 such that for any f ∈ BMOA and any
g ∈ LMOA and any h ∈ Hr(Bn),∫
Bn
|f(z)|p|g(z)|q|h(z)|rdµ(z) ≤ C6||f ||
p
BMOA||g||
q
LMOA||h||
r
r.
Proof:We already have from Lemma 2.6 and Lemma 2.8 that i) ⇔ ii) ⇔ iii) ⇔
iv)⇔ v). Let
dµf,g(z) =
|f(z)|p|g(z)|q
||f(z)||pBMOA||g(z)||
q
LMOA
dµ(z).
Then v) is equivalent to saying that
sup
a∈Bn
∫
Bn
Ka(z)dµf,g < C5.
By Theorem 1.8, this is equivalent to vi). The proof is complete.

2.3. Some applications of ρp,q- Carleson measures. As first application of
Theorem 2.9, we consider the Cesaro-type integral operator Tb defined by
Tb(f)(z) =
∫ 1
0
f(tz)Rb(tz)
dt
t
, b, f ∈ H(Bn).
The characterization of the boundedness properties of Tb has been considered in
[1], [2], [9] and [11] for the case of the unit disc. We first prove the following result
on the boundedness of Tb on LMOA.
COROLLARY 2.10. For b ∈ H(Bn), Tb is bounded on LMOA if and only if
(2.19) sup
a∈Bn
(log
4
1− |a|
)2(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
Proof:We know from [10] that, an analytic b is in LMOA if and only if (1 −
|z|2)|Rb(z)|2dV (z) is a ρ-Carlesonmeasure with ρ(t) = (log(4/t))2, which by Lemma
2.2 is equivalent to
sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|Rb(z)|2(1 − |z|2)Ka(z)dV (z) <∞.
It is not hard to see that
R[Tb(f)](z) = f(z)Rb(z).
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It follows that Tb is bounded on LMOA if and only if for any f ∈ LMOA,
sup
a∈ Bn
(log
4
1− |a|
)2
∫
Bn
|f(z)|2|Rb(z)|2(1− |z|2)Ka(z)dV (z) < C||f ||
2
LMOA,
which by Theorem 2.9 is equivalent to saying that the measure |Rb(z)|2(1−|z|2)dV (z)
satisfies
sup
a∈Bn
(log
2
1− |a|
)2(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
The proof is complete. 
COROLLARY 2.11. For b ∈ H(Bn), Tb is bounded from LMOA to BMOA if and
only if
(2.20) sup
a∈Bn
(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
Proof:It is well-known that an analytic b is inBMOA if and only if (1−|z|2)|Rb(z)|2dV (z)
is a Carleson measure that is
sup
a∈Bn
∫
Bn
|Rb(z)|2(1 − |z|2)Ka(z)dV (z) <∞.
It follows that Tb is bounded from LMOA to BMOA if and only if for any f ∈
LMOA,
sup
a∈ Bn
∫
Bn
|f(z)|2|Rb(z)|2(1− |z|2)Ka(z)dV (z) < C||f ||
2
LMOA
which by Theorem 2.9 is equivalent to saying that the measure |Rb(z)|2(1−|z|2)dV (z)
satisfies
sup
a∈Bn
(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
The proof is complete. 
We also obtain in the same way the following result.
COROLLARY 2.12. For b ∈ H(Bn), Tb is bounded on BMOA if and only if
(2.21) sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
Our next application is about the pointwise multipliers on LMOA. Given two
Banach spaces of analytic functions X and Y , we denote by M(X,Y ) the space of
multipliers from X to Y , that is
M(X,Y ) = {f ∈ H(Bn) : f · g ∈ Y for any g ∈ X}.
When X = Y , we just write M(X,X) = M(X). The following lemma is an easy
adaptation of [13, Lemma 3.20].
LEMMA 2.13. Suppose that X and Y are two Banach spaces of holomorphic func-
tions. If X contains constant functions and each point evaluation is a bounded
linear functional on Y , then every pointwise multiplier from X to Y is in H∞(Bn).
We have the following characterization of M(LMOA) for the unit ball of Cn
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COROLLARY 2.14. An analytic function f on Bn belongs to M(LMOA) if and
only if f ∈ H∞(Bn) and satisfies (2.19).
Proof:Instead of using Lemma 2.13, we give a direct proof of the fact that any
element in M(LMOA) is necessarily bounded. For this, we recall that for any
f ∈ LMOA,
|f(z)| ≤ C||f ||LMOA log log
e4
1− |z|2
.
Now, for any a ∈ Bn, let fa(z) = log log(
e4
1−〈z,a〉 ). fa ∈ LMOA and ||fa||LMOA ≤
C <∞.
It follows from these two facts that, if f ∈ M(LMOA), then f · fa ∈ LMOA
and for any z ∈ Bn,
|f(z)fa(z)| ≤ C||f · fa||LMOA log log
e4
1− |z|2
.
Taking z = a in the above inequality, we obtain
|f(a)| ≤ C||f · fa||LMOA <∞.
That is f ∈ H∞(Bn).
That f ∈ M(LMOA) means that for any g ∈ LMOA, the measure |R(fg)(z)|2(1−
|z|2)dV (z) is a logarithmic Carleson measure or equivalently that
(2.22) If (g) ≤ C||g||
2
LMOA,
where
If (g) = sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|g(z)Rf(z) + f(z)Rg(z)|2(1− |z|2)Ka(z)dV (z).
Since f ∈ H∞(Bn) and |Rg(z)|2(1− |z|2)dV (z) is a logarithmic Carleson measure,
sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|f(z)Rg(z)|2(1− |z|2)Ka(z)dV (z) ≤ C||f ||
2
∞||g||
2
LMOA.
We deduce that if f ∈ H∞(Bn), then (2.22) is equivalent to
sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|g(z)|2|Rf(z)|2(1 − |z|2)Ka(z)dV (z) ≤ C||g||
2
LMOA,
which by Theorem 2.9 is equivalent to saying that |Rf(z)|2(1− |z|2)dV (z) satisfies
sup
a∈Bn
(log
2
1− |a|
)2(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
The proof is complete. 
Similarly, we can prove the following results.
COROLLARY 2.15. An analytic function f on Bn belongs toM(LMOA,BMOA)
if and only if f ∈ H∞(Bn) and satisfies (2.20).
COROLLARY 2.16. An analytic function f on Bn belongs to
M(BMOA) if and only if f ∈ H∞(Bn) and satisfies (2.21).
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The orthogonal projection of L2(∂Bn) ontoH2(Bn) is called the Szego¨ projection
and denoted P . It is given by
(2.23) P (f)(z) =
∫
∂Bn
S(z, ξ)f(ξ)dσ(ξ),
where S(z, ξ) = 1(1−〈z,ξ〉)n is the Szego¨ kernel on ∂B
n. We denote as well by P its
extension to L1(∂Bn).
For b ∈ H2(Bn), the small Hankel operator with symbol b is defined for f a
bounded holomorphic function by hb(f) := P (bf). As last application, we prove
that if b ∈ LMOA, then the Hankel operator hb is bounded on H
1(Bn).
The following lemma can be proved using integration by parts (see [6]) .
LEMMA 2.17. Let f, g be holomorphic polynomials on Bn. Then the following
identity holds∫
Sn
f(ξ)g(ξ)dσ(ξ) = C1
∫
Bn
f(z)g(z)dV (z) + C2
∫
Bn
Rf(z)g(z)(1− |z|2)dV (z) +
C3
∫
Bn
f(z)Rg(z)(1− |z|2)dV (z)
C1, C2 and C3 being constants independent of f and g.
THEOREM 2.18. The Hankel operator hb extends into a bounded operator on
H1(Bn) if b ∈ LMOA.
Proof:Let b ∈ LMOA or equivalently, such that (1 − |z|2)|∇b(z)|2dV (z) is a loga-
rithmic Carleson measure. For f ∈ H1(Bn) and g ∈ BMOA, we want to estimate
| < hb(f), g > | = | < b, fg > |. Applying Lemma 2.17 to < b, fg >, it comes that
we only need to estimate the following three integrals:
I1 :=
∫
Bn
|f(z)||g(z)||b(z)|dV (z),
I2 :=
∫
Bn
|f(z)| (|g(z)|+ |∇g(z)|) |∇b(z)|(1− |z|2)dV (z),
and
I3 :=
∫
Bn
|g(z)||∇f(z)||∇b(z)|(1− |z|2)dV (z).
For the first one, we observe that since g and b are in all Hp(Bn), the estimate
|g(z)b(z)| ≤ C(1 − |z|2)−1/2 holds. It follows using the fact that the measure
(1− |z|2)−1/2dV (z) is a Carleson measure that
I1 ≤ C
∫
Bn
|f(z)|(1− |z|2)−1/2dV (z) ≤ C||f ||1.
For I2, we use Schwarz inequality to obtain
I22 ≤ C
∫
Bn
|f(z)|
(
|g(z)|2 + |∇g(z)|2
)
|(1−|z|2)dV (z)×
∫
Bn
|f(z)||∇b(z)|2(1−|z|2)dV (z).
We conclude by using the fact that |∇g(z)|2(1−|z|2)dV (z), |∇b(z)|2(1−|z|2)dV (z)
and |g(z)|2(1− |z|2)dV (z) are Carleson measures.
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The main point is the estimate of I3. We first recall that, by the weak factoriza-
tion theorem (see [5]), any f ∈ H1(Bn) can be written as
f =
∑
j
hj lj with
∑
j
||hj ||2||lj||2 ≤ C||f ||1.
Replacing f by this weak factorization, we are led to estimate a sum of terms as
J :=
∫
Bn
|g(z)||l(z)||∇h(z)||∇b(z)|(1− |z|2)dV (z)
for l and h in H2(Bn). We recall that, for h ∈ H2(Bn),∫
Bn
|∇h(z)|2(1 − |z|2)dV (z) ≤ C||h||2.
Using this last inequality, Schwarz Inequality and Theorem (referer au chapitre
precedent), we obtain
J ≤ C||h||H2
(∫
Bn
|g(z)|2|l(z)|2|∇b(z)|2(1− |z|2)dV (z)
)1/2
≤ C||g||BMOA||l||2||h||2.
This compltes the proof of the theorem. 
3. (ρ, s)-Carleson measures with s > 1
We consider in this section the case of (ρ, s)-Carleson measures when s > 1.
Using Theorem 1.9 and the following equivalence for the norm of elements of the
Bloch space B:
||f ||B ≈ ||f ◦ ϕa − f(a)||p,α, 0 < p <∞ and α > −1
(see [13]) we can prove in the same way as Theorem 2.9, the following theorem.
THEOREM 3.1. Let 0 ≤ p, q <∞, 1 < s <∞. Let µ be a positive Borel measure
on Bn. Then the following conditions are equivalent.
i) There is C1 > 0 such that for any ξ ∈ S
n and 0 < δ < 1,
µ(Qδ(ξ)) ≤ C1
(σ(Bδ(ξ)))
s
(log 4δ )
p(log log e
4
δ )
q
.
ii) There is C2 > 0 such that
sup
a∈Bn
(log
4
1− |a|
)p(log log
e4
1− |a|
)q
∫
Bn
Ka(z)
sdµ(z) ≤ C2 <∞.
iii) There is C3 > 0 such that for any f ∈ B,
sup
a∈Bn
(log log
e4
1− |a|
)q
∫
Bn
|f(z)|pKsa(z)dµ(z) ≤ C3||f ||
p
B.
iv) There is C4 > 0 such that for any g ∈ LB,
sup
a∈Bn
(log
4
1− |a|
)p
∫
Bn
|g(z)|qKsa(z)dµ(z) ≤ C4||f ||
q
LB.
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v) There is C5 > 0 such that for any f ∈ B and any g ∈ LB,
sup
a∈Bn
∫
Bn
|f(z)|p|g(z)|qKa(z)
sdµ(z) ≤ C5||f ||
p
B||g||
q
LB.
vi) For 0 < r < ∞, there is C6 > 0 such that for any f ∈ B and any g ∈ LB
and any h ∈ Arns−(n+1)(B
n),∫
Bn
|f(z)|p|g(z)|q|h(z)|rdµ(z) ≤ C6||f ||
p
B||g||
q
LB||h||
r
ns−(n+1),r.
We now move to applications of Theorem 3.1. We begin by considering the
boundedness of the operator Tb on the logarithmic Bloch space LB. It is not hard
to see that a function f ∈ H(Bn) is in LB if and only if for any s > 1 the measure
(1 − |z|2)n(s−1)+1|Rf(z)|2dV (z) is (ρ, s)-Carleson measure with ρ(t) = (log(4/t))2
(see also Lemma 4.7 below) or equivalently that
sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
Ksa(z)(1− |z|
2)n(s−1)+1|Rf(z)|2dV (z) <∞.
We have the following corollary.
COROLLARY 3.2. For b ∈ H(Bn), the operator Tb is bounded on LB if and only
for any s > 1,
(3.24) Ib <∞,
where
Ib = sup
a∈Bn
(log
4
1− |a|
)2(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)n(s−1)+1Ksa(z)dV (z).
Proof:Let
Jb(f) = sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
Ksa(z)(1− |z|
2)n(s−1)+1|f(z)|2|Rb(z)|2dV (z).
That Tb is bounded on LB is equivalent to saying there exists a constant C > 0
such that for any s > 1 and any f ∈ LB,
Jb(f) < C||f ||
2
LB
which by Theorem 3.1 is equivalent to (3.24). 
Using Theorem 3.1 and the fact that any holomorphic function f belongs to B
if and only if the measure |Rf(z)|2(1− |z|2)n(s−1)+1dV (z) is a s-Carleson measure
for any s > 1, we can prove the following result in the same way.
COROLLARY 3.3. For b ∈ H(Bn), the operator Tb is bounded from LB to B if
and only for s > 1
(3.25) sup
a∈Bn
(log log
e4
1− |a|
)2
∫
Bn
|Rb(z)|2(1 − |z|2)n(s−1)+1Ksa(z)dV (z) <∞.
The following well-known result (see for example [?]) follows the same way.
COROLLARY 3.4. For b ∈ H(Bn), the operator Tb is bounded on B if and only
for s > 1
(3.26) sup
a∈Bn
(log
4
1− |a|
)2
∫
Bn
|Rb(z)|2(1− |z|2)n(s−1)+1Ksa(z)dV (z) <∞.
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We also obtain as in the previous section the following characterization of mul-
tipliers of Bloch-type spaces.
COROLLARY 3.5. An analytic function f on Bn belongs to M(LB) if and only if
f ∈ H∞(Bn) and satisfies (3.24).
COROLLARY 3.6. An analytic function f on Bn belongs to
M(LB,B) if and only if f ∈ H∞(Bn) and satisfies (3.25).
COROLLARY 3.7. An analytic function f on Bn belongs to
M(B) if and only if f ∈ H∞(Bn) and satisfies (3.26).
4. Some generalizations
We give some generalizations and their applications. The proofs here follow the
same steps as in the two previous sections.
THEOREM 4.1. Let 0 ≤ p1, p2, q1, q2 <∞ and let µ be a positive Borel meaasure
on Bn. Then the following conditions are equivalent.
i) There is C1 > 0 such that for any ξ ∈ S
n and 0 < δ < 1,
µ(Qδ(ξ)) ≤ C1
σ(Bδ(ξ))
(log 4δ )
p1+p2(log log e
4
δ )
q1+q2
.
ii) There is C2 > 0 such that for any f ∈ BMOA and any g ∈ LMOA
I(f, g) ≤ C2||f ||
p1
BMOA||g||
q1
LMOA,
I(f, g) = sup
a∈Bn
(log
4
1− |a|
)p2 (log log
e4
1− |a|
)q2
∫
Bn
|f1(z)|
p1 |g1(z)|
q1Ka(z)dµ(z).
iii) There is C3 > 0 such that for any g ∈ LMOA
I(g) ≤ C3||g||
q1
LMOA,
I(g) = sup
a∈Bn
(log
4
1− |a|
)p1+p2(log log
e4
1− |a|
)q2
∫
Bn
|g(z)|q1Ka(z)dµ(z).
iv) There is C4 > 0 such that for any f ∈ BMOA
I(f) ≤ C4||f ||
p1
BMOA,
I(f) = sup
a∈Bn
(log
4
1− |a|
)p2(log log
e4
1− |a|
)q1+q2
∫
Bn
|f(z)|p1Ka(z)dµ(z).
THEOREM 4.2. Let 0 ≤ p1, p2, q1, q2 < ∞, let 1 < s < ∞ and µ be a positive
Borel measure on Bn. Then the following conditions are equivalent.
i) There is C1 > 0 such that for any ξ ∈ S
n and 0 < δ < 1,
µ(Qδ(ξ)) ≤ C1
(σ(Bδ(ξ)))
s
(log 4δ )
p1+p2(log log e
4
δ )
q1+q2
.
ii) There is C2 > 0 such that for any f ∈ B and any g ∈ LB,
J(f, g) ≤ C2||f ||
p1
B ||g||
q1
LB,
J(f, g) = sup
a∈Bn
(log
4
1− |a|
)p2(log log
e4
1− |a|
)q2
∫
Bn
|f1(z)|
p1 |g1(z)|
q1Ksa(z)dµ(z).
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iii) There is C3 > 0 such that for any g ∈ LB,
sup
a∈Bn
(log
4
1− |a|
)p1+p2(log log
e4
1− |a|
)q2
∫
Bn
|g(z)|q1Ksa(z)dµ(z) ≤ C3||g||
q1
LB.
iv) There is C4 > 0 such that for any f ∈ B
sup
a∈Bn
(log
4
1− |a|
)p2(log log
e4
1− |a|
)q1+q2
∫
Bn
|f(z)|p1Ksa(z)dµ(z) ≤ C4||f ||
p1
B .
Let 0 ≤ p, q <∞. An analytic function f belongs to BMOAρp,q with ρp,q(t) =
(log(4/t))p(log log(e4/t))q if f ∈ H1(Bn) and there exists a constant C > 0 so that
sup
B=Bδ(ξ)
δ∈]0,1[,ξ∈Sn
(log(4/δ))p(log log(e4/δ))q
σ(B)
∫
B
|f − fB|dσ ≤ C.
By [10], a function f belongs toBMOAρp,q if and only if dµ(z) = (1−|z|
2)|∇f(z)|2dV (z)
is a ρ2p,q- Carleson measure. The following corollaries can be proved as in the pre-
vious sections.
COROLLARY 4.3. Let 0 ≤ p, q < ∞. Given an analytic function b, the operator
Tb is bounded from LMOA to BMOAρp,q if and only if
(4.27)
sup
a∈Bn
(log
4
1− |a|
)2p(log log
e4
1− |a|
)2q+2
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
COROLLARY 4.4. Let 0 ≤ p, q < ∞. Given an analytic function b, the operator
Tb is bounded from BMOA to BMOAρp,q if and only if
(4.28)
sup
a∈Bn
(log
4
1− |a|
)2p+2(log log
e4
1− |a|
)2q
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
In particular, we have the following.
COROLLARY 4.5. Given an analytic function b, the operator Tb is bounded from
BMOA to LMOA if and only if
sup
a∈Bn
(log
4
1− |a|
)4
∫
Bn
|Rb(z)|2(1− |z|2)Ka(z)dV (z) <∞.
Let us now move to applications of Theorem 4.2. We first introduce the following
generalized α-logarithmic-type Bloch spaces.
DEFINITION 4.6. For 0 ≤ p, q < ∞ and α > 0. Let denote Bp,qα the space of
holomorphic functions f such that
sup
z∈Bn
(1− |z|2)α|Rf(z)|(log
4
1− |z|2
)p(log log
e4
1− |z|2
)q <∞.
These can be seen as special case of the so called µ-Bloch spaces (see for example
[?]) and one have that Bp,qα are Banach spaces with the norm
||f ||Bp,qα = |f(0)|+ sup
z∈Bn
(1− |z|2)α|Rf(z)|(log
4
1− |z|2
)p(log log
e4
1− |z|2
)q <∞.
The usual Bloch space B then corresponds to the case α = 1 and p = q = 0 while
B0,0α = Bα are the so called α- Bloch spaces (see [13] ) and B
1,1
1 = LB is the usual
logarithmic Bloch space.
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Let ϕz be the involutive automorphism of B
n that interchanges 0 and z. The
Bergman metric of Bn is given by
β(z, w) :=
1
2
log
1 + |ϕz(w)|
1− |ϕz(w)|
,
for all z, w ∈ Bn. For any R > 0 and any a ∈ Bn, we write
D(a,R) = {z ∈ Bn : β(z, a) < R}
for the Bergman ball centered at a with radius R.We have the following character-
ization of elements of Bp,qα .
LEMMA 4.7. Let 0 ≤ p, q < ∞ and α > 0. A function f ∈ H(Bn) is in Bp,qα if
and only if (1 − |z|2)n(s−1)+2α−1|Rf(z)|2dV (z) is a (ρp,q, s)-Carleson measure for
any s > 1, where ρp,q(t) = (log
4
t )
2p(log log e
4
t )
2q.
Proof:We first suppose that f belongs to Bp,qα and show that there exists a constant
C > 0 such that for any ξ ∈ Sn, 0 < δ < 1 and any s > 1, the following inequality
holds
If (δ) ≤ Cσ(Bδ(ξ))
s,
where
If (δ) = (log
4
δ
)2p(log log
e4
δ
)2q
∫
Qδ(ξ)
|Rf(z)|2(1− |z|2)n(s−1)+2α−1dV (z).
Let h(x) = (log 4x )
2p(log log e
4
x )
2q, h is decreasing on (0, 1) and moreover, for any
z ∈ Qδ(ξ), 1− |z|
2 < |1− < ξ, z > | < δ. It follows using the definition of Bp,qα that
there exists a constant C > 0 so that for all f ∈ Bp,qα ,
If (δ) ≤ C
∫
Qδ(ξ)
h(δ)
h(1− |z|2)
(1− |z|2)n(s−1)−1dV (z)
≤ C
∫
Qδ(ξ)
(1− |z|2)n(s−1)−1dV (z)
≤ Cσ(Bδ(ξ))
s.
This shows the necessary part.
Conversely, let us suppose that the analytic function f is such that there exists
C > 0 so that for any ξ ∈ Sn, 0 < δ < 1 and any s > 1,
If (δ) ≤ C(σ(Bδ(ξ)))
s
and show that in this case f belongs to Bp,qα . We recall that for a ∈ B
n, letting
δ = 1 − |a|, for R > 0, there exists λ ∈ (0, 1) such that D(a,R) ⊂ Qδ(ξ) with
a = (1 − λδ)ξ (see Lemma 5.23 of [13]). Now, using the mean value property, we
obtain that for any a ∈ Bn,
|Rf(a)|2 ≤
C
(1− |a|2)ns+2α
∫
D(a,R)
|Rf(z)|2(1 − |z|2)n(s−1)+2α−1dV (z).
It follows from the above inclusion and the hypotheses on the measure
|Rf(z)|2(1− |z|2)n(s−1)+2α−1dV (z) that
(1− |a|2)2α|Rf(a)|2(log
4
1− |a|2
)2p(log log
e4
1− |a|2
)2q ≤
C
δns
If (δ) ≤ C <∞.
The proof is complete. 
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The following two corollaries can be proved exactly as before.
COROLLARY 4.8. Let 0 ≤ p, q < ∞, α > 0 and b ∈ H(Bn). Then the following
conditions are equivalent.
(a) Tb is bounded from LB to B
p,q
α .
(b) For any s > 1
(4.29) Ib,p,q <∞,
Ib,p,q = sup
a∈Bn
(log
4
1− |a|
)2p(log log
e4
1− |a|
)2q+2
∫
Bn
|Rb(z)|2(1 − |z|2)n(s−1)+2α−1Ksa(z)dV (z).
COROLLARY 4.9. Let 0 ≤ p, q < ∞, α > 0 and b ∈ H(Bn). Then the following
conditions are equivalent.
(a) Tb is bounded from B to B
p,q
α .
(b) For any s > 1
(4.30) Jb,p,q <∞,
Jb,p,q = sup
a∈Bn
(log
4
1− |a|
)2p+2(log log
e4
1− |a|
)2q
∫
Bn
|Rb(z)|2(1− |z|2)n(s−1)+2α−1Ksa(z)dV (z).
In particular, we have the following.
COROLLARY 4.10. Given b ∈ H(Bn), the operator Tb is bounded from B to LB
if and only if for any s > 1,
sup
a∈Bn
(log
4
1− |a|
)4
∫
Bn
|Rb(z)|2(1− |z|2)n(s−1)+2α−1Ksa(z)dV (z) <∞.
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